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SYNOPSIS 


*Some problems on stdbi-Vity of motion in topological dynamics^ a 
thesis submitted in partial fulfilment of the requirements for the 
Ph.D. degree by 'Shah Md, Shamim Imdadi to the Department of Mathematics .. 
Indian Institute of Technology j Kanpur. 

The theory of dynamical system may be said to have begun as 
a special topic in the theory of ordinary differential equations with 
the pioneering work of Henri Poincare in the late 19th century. Probably 
one of the greatest contributions Professor George Birkhoff made to 
mathematics was his work on the theory of dynamical systems^ Kis vrork 
in the early part of this century foimed the foundation of the modern ' 

(axiomatic) theory of topological dynamics. Aften«ards quite a number 

« 

of authors have studied various aspects of the theory of dynamical systems 
defined on metric spaces, and in particular the theory of stability 
with its concrete applications to differential equations. It has laig 
been realized that the theory of topological dynamics has many important 
applications to study the properties of solutions of autonomous 

differential equations and many interesting results have been accumulated, 

/ 

However until quite recently, attempts have not been made to develop and 
unify the theory of topological dynamics in a general topological space, 
and as a powerful technique in applications to nonautonomous differential 
equations. The objective of this investigation is (i) to obtain necessary 
and sufficient conditicais for uniform stability, attraction and asymptotic 
stability of arbitrairy subsets of the phase space of a dynamical system 
defined on uniform spaces, and (ii) to study some of the implications 
of the theory of topological dynamics in applications to nonautonpmous 
differential equations. 


(ii) 


The present thesis is divided into six chapters* The first 
chapter is devoted to introduction and the outline of the thesis. 

Chapter 2 deals with preliminaries and basic results. Definitions of 
uniform spaces, dynamical systems, trajectory and invariant sets, 
together with Kamke*s lemma and other known elementary results which 
are used throughout the thesis, are included. 

In chapter 3, the concepts of uniform stability, attraction 
and asynptotic stability of arbitrary subsets of the phase space are 
introduced in the usual way and several of their interactions have 
been studied for a dynamical system defined on a miform space. These 
concepts are new and reduce to usual concepts for a dynamical system 
defined on a metric space. Further it has been shown that some of 
these concepts are related to Lyapunov-like behavior of appropriate 
real functions on the phase space. Necessary and sufficient conditions 
for asynptotic stability of arbitrary subsets of the phase space of 
a dynamical system defined on a uniform space X in terms of quasi- 
Lyapunov functions are obtained, without any assumptions of local 
compactness on X. These results are generalizations of similar results 
known for dynamical systems defined on a locally compact space . 

Chapter 4 is devoted to a problem posed by Professor G.R.Sell. 
It is known that the solutions of every regular (nonautonomous) 
differential equation 


x’ = f(x,t). 


CD 


defined on IV x R with values in can be viewed as a local dynamical 
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system ir on W x where W is an open set in R“ and is the closure 

of the space of translates of f in the compact open topology on 
C(WxR, R^) . The projection of ir onto F*^ defines a dynamical system tt* 
on F* . The set of limiting equations for (1) is defined as the set of 
all equations 

X* = f*(x,t) , f* e , (2) 

where £l£ denote the u-limit set of f with respect to tt*. The problem 
posed by G.R. Sell is the following ; 

’’Let f e C(WxR, r”) be a regular function that is positively coiif>act and 
assume that f(0,t) = 0 for t ^ 0. Assume also that the null solution of 
every limiting equation (2) is uniformly asyrrototically stable. Is it 
true that the null soltition of (1) is uniformly asymptotically stable?”. 

A conplete answer to this problem has been given in Chapter 4 which 
generalizes some of the results of L. Markus. 

In Chapter 5, some stability properties of solutions of (1) are 
investigated by using the concepts of prolongation and prolongational 
limit sets. This has been achieved by comparing the solutions (J)Cx,f»t) 
of (1) with the corresponding motion iT(x,f,t) in W x F*^, In particular, 
the prolongational limit set of the motion Tr(x,f,t) has been compared with 
the prolongational limit set of the corresponding solution 4>Cx,f,t3 to 
show that the latter is quasi-invariant in the sense defined by R.K, Miller, 
A number of results for compact solutions of the limiting equations (2) 
have been obtained which generalize some of results of G.R, Sell, 
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Further, necessary and sufficient conditions for stability and 
asymptotic stability of the solutions of (1) in terms of its prolongation 
and prolongational limit sets have been investigated which establish 
a relationship between the stability of local dynamical system n and 
the stability of solutions of the corresponding differential equation. 

In the last chapter, an attempt has been made for viewing the 
solutions of nonautonomous differential equations as local dynamical 
systems by defining the prolongational set D^. Further, sufficient 
conditions for stability properties of solutions of a given differential 
equation and the correspraiding set of limiting equations in terms of 
Lyapunov functions have been investigated, A simple example is 
constructed to illustrate the results. 



CHAPTER 1 


nrmoDUGTioir 

1 .1 HISTORICAI FOTIS 

In the theory of ordinary differential equations two streams 
of tho light are mixed : analytical and geometrical (or rather topolo- 
gical). 3b this mixture one may trace many difficulties of this 
theory and also much of its attractiveness. 

How differential equations, more than any other part of 
mathematics, receive their impulsion from physics, understood in the 
largest sense possible. So often therefore, the solution of diffe- 
rential equations must come down to explicit and even numeric^ 
expressions. However all too often this can only be accomplished 
under very restrictive approximations. The problem therefore arises 
to obtain atleast some qualitative, that is, topological information 
about elusive solutions. Frequently also the requirements of the 
physicist are not for an exact, isolated solution, but for the 
behavior of a whole family of solutions. And this leads again to 
the topological behavior of the solutions. 3?his general point of 
view has led in recent years to an endeavor to isolate if possible 
the topological from the analytical study of differential eqxjations 
and has given rise to topological dynamics. 

Historically, the subject of topological dynamics is an 
outgrowth of the qualitative theory of differential equations. 3b 
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borrow an introductory sentence from Gottschallc and Hedlund [16] , 

"It was Poincare who first fomulated and solTed problems of 
dynamics as problems in topology". Poincare, followed by Bendixon, 
studied topological properties of solutions of autonomous ordinary 
differential equations in the plane* Ihe Poincare-Bendizon theory 
[ 15 ] is now a standard topic of discussion in courses on ordinary 
differential eqviations. One of the main aspects of the theory is 
the introdxiction of the concept of a trajectory. introducing 
this concept of trajectory, Pbincard* was able to formulate and 
solve problems in the theory of differential equations as topolo- 
gical problems. 

In this fashion Ih incare paved the way for the formulation 
of the abstract notion of a dynamical system, which can be 
essentially attributed to A. A. Markov [351 and H. Whitney [49]. 

These two authors separately noticed that one covild study the 
qualitative theory of families of curves (trajectories) in a 
suitable space X, provided that these families are somehow restricted 
in their possible behavior, e.g., if they are defined, as having 
been generated by a general one-parameter topological transformation 
group acting on X. 

A full fledged attack on the subj ect was made by 
G.I). Birkhoff, who may truly be considered as the founder of the 
theory. His monograph "IJynamical Systems, imer. Math. Soc. 
Colloquium Publications, 7ol. 9 , New York 1927 " is the basis of much 
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of the research which came in the 1930's and 1940’s. 

In 1949, Hemjrfcskii [57] wrote a stirvey paper on the 
topological problems in the theory of dyTiamical systems, which 
sums up almost all the research into the topological theory to 
the end of 1940 's. Ihe book "Qualitative iTheory of Differential 
Equations" by V.V. Nemytskii and V.V. Stepanov [58] has served 
as a standard reference for all the major development in the 
theory of dynamical systems. 

During the 1950 ’s a relatively large effort went into the 
generalization of the concept of a dynamical system to topological 
transformation groups. In 1955, the book of W.H. Gottschalk and 
G.A, Hedlund [16] appeared, and a large body of research has 
appeared since in print. 

Recently the basic theory has been extended by bringing 
in the concept of Lyapunov’s stability which was absent in earlier 
works on dynamical systems and topological transformation groups. 

In this connection, I. lira’s work on the theory of prolongations 
and its connections with stability theory has clearly shown that 
a significant portion of stability theory is topological in nature 
and therefore belongs to the main stream of the theory of 
dynamical systems, iki attempt in bringing in the direct method of 
Lyapunov was made by V.I. Zubov [54] . However, Zubov mainly carried 
over the previously known resiilts and methods in differential equations 
to flows in metric spaces without attempting to develop an 
independent theory. 



4 


1 .2 BRIEF REVIEW 

in the theory of dynamical systems, the study of stability, 
prolongation, attraction, and saddle and nonsaddle sets, for a 
dynamical system defined on a locally compact space, has been pursued 
at length by Auslander, Bhatia and Seibert [2] , Auslander and 
Seibert [5] j Bhatia [4,5,6] , Bhatia and Sze^" [11,12] , lefschetz 
[32], and Ura [47] among others, and many interesting results have 
been accumulated. For the widest possible applicability of the 
theory of dynamical systems, it is of utmost Importance that the 
phase spaces be not locally compact. In this respect, the study of 
dynamical systems has lagged behind. Some worfc on dynamical systems 
connected with the problons of stability theory and minimal sets and 
description of flows near compact invariant sets has been done by 
Ahmad [1] and Bhatia [ 7 ] without assuming local compactness of the 
phase space. In [ 7 ] j Bhatia has introduced the concepts of orbital 
stability, weak attraction, attraction, strong attraction, and saddle 
and nonsaddle sets for a dynamical system defined on a Hausdorff 
space. These concepts are then used to discuss several of their 
interactions and to discuss the flow near an arbitrary compact subset 
of the phase space. Of the above concepts, the concept of strong 
attraction is relatively new being first introduced by Bhatia and 
Hajek in [8] , and the notions of orbital stability, weak attraction, 
and attraction were also introduced in [8] , though the latter of 
these are well-known in ordinary differential equations and for 
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dynamical systems defined on locally compact spaces [5,11,12] . 

Bhatia and Hajek [9 ] and Bashaw [14] have studied various 
concepts associated with a dynamical system defined on a loniform 
space. It is shoYOi in [9] that the notions of uniform stability of 
subsets and Lyapunov stability of points are related to a lyapunov- 
like behavior of appropriate real functions on the phase space. 

This yields a characterization of stability of compact subsets of 
a completely regular space without any assumption of local 
compactness on the phase space. 

necessary and sufficient conditions for uniform stability, 
attraction and asymptotic stability of arbitrary subsets of the 
phase space of a dynamical system defined on a uniform space are 
investigated in Chapter 3. These concepts of uniform stability, 
attraction and asymptotic stability reduce to usual concepts in 
metric spaces. Purther it is shown that the notions of asymptotic 
and uniform asymptotic stability are related to a lyapunov-like 
behavior of appropriate real functions on the phase space, ilthou^ 
we confine ourselves to dynamical systems, we hope that our 
contribution will lead to an understanding and development of these 
concepts for local dynamical systems and in particular for functional 
and partial differential equations a large class of which define local 
dynamical systems on nonlocally compact Banach spaces. i0.so our 
results are marked by the absence of the assumption of local 
compactness on the phase space. They generalize and seem to give a 



better understanding of the nature of sijnilar results known for 
dynamical systems defined on locally compact spaces. 

Gr.R. Sell [43] has shown that there is a vi/ay of viewing 
the solutions of a nonautonomous differential equation as a 
dynamical system. R.K. Miller and G-.R. Sell [36] have studied 
Volterra integral equations within the framework of the theory of 
topological djnaamics. These are in contrast to the theory of 
dynamical system which was mainly motivated from and applies to 
ordinary autonomous differential systems. In fact, it has been 
observed in the book of Nemytskii and Stepanov [3S] that the 
solutions of a nonautonomous ordinary differential equation can 
be viewed as a dynamical system by imbedding the given differential 
equation in a higher dimensional phase space and treating the 
independent variable as a new coordinate. But in this construction, 
the new equation will not have any bounded motions, nor any periodic 
motions, nor any almost periodic motions, so it has the effect of 
destroying some of the latent structure of the original equation. 
Because of this fact, the theory of topological dynamics has not 
developed into a powerful technique in applications to nonautonomous 
differential equations. 

However, recently G.E. Sell and R.K. Miller among oMiers 
have shown that applications of topological djnaamics are possible 
when treating nonautonomous differential equations, and these 
constructions do not have the defects as mentioned above. G.R,Sell [43] 
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has developed the basic theory for viewing the solutions of non- 
autonomous differential equations satisfying only the weakest 
hypotheses as dynamical systems. In [44] , &.R. Sell has investig- 
ated the relationship between the solution of a given nonautonomous 
differential equation and the corresponding local dynamical system. 

3he concept of the ’set of limiting equations’, introduced by 
G-.E. Sell, plays a central role in this investigation, Purther, 
by using the concept of m-limit set, he has established the basic 
relationship between the solutions of a given differential equation 
and the solutions of the corresponding limiting equations. 

Ohe aim of chapters 4 and 5 is to develop various concepts 
of dynamical systems and investigate some of the -implications of 
the theory of topological dynamics in the setting of [43] and [44] . 

¥e then go on to answer an important problem on uniform asymptotic 
stability posed by G.R.Sell in [44]. In fact, we have proved a 
theorem on uniform asymptotic stability of the null solution of a 
system of differential equations while assuming that the null 
solution of a limiting equation is uniformly asymptotically stable. 
This generalizes a result of I. Markus [34], By using the concepts 
of prolongation and prolongational limit sets for the solution of 
a given differential equation, we obtain some results which relate the 
behavior of positively compact solutions with the behavior of 
solutioi’is of the corresponding limiting equations. This study 
includes some of the results of G.R. Sell [44] . Further, we have 
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given, some theorems, which characterize the stability properties 
of solutions of a given differential equation in terns of its 
prolongation and prolongational limit sets. !Ehis yields in 
establishing some relationship between the stability of local 
dynamical system and the stability of solution of the corresponding 
differential equation. 

In the last chapter, the phase space of the local dynamical 
system is extended by defining the prolongational set and sufficient 
conditions for stability of solutions of the given differential 
equation and the corresponding set of limiting equations in terms 
of lyapunov fmctions have been investigated, fhis generalizes 
some of the results of G.R. Sell in [43] and [44] . 

1 .3 OUTLIIffi OP THE THESIS 

The purpose of the present thesis is to stvidy the variotjs 
concepts in topological dynamics with special reference to stability 
theory. 

As concerns the foimal structure of the thesis, it is 
divided into six chapters and each chapter is subdivided into 
sections. Chapters 3,4,5 and 6 form the main body of the thesis. 

Chapter 1 is devoted to an introduction of the subject ' 
of topological djmamics and a brief review of results that are 
investi^ted in the present work. 
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Chapter 2 contains the requisite mathematical equipment 
such as basic definitions and elementary results in dynamical 
systems which are useful in our subsequent discussion. 

Chapter 3 deals with the concepts of uniform stability, 
attraction and asymptotic stability for dynamical systems defined 
on uniform spaces. Various properties of weak attractor, attractor 
and strong attractor have been studied to relate these concepts 
with the concepts of uniform stability and asymptotic stability. 

In particular, some characterizations of uniform stability and 
asymptotic stability in terms of attractors are obtained which 
generalize some of the recent results for dynamical systems defined 
on locally compact spaces. In the end of the chapter, two 
theorems are given which characterize global asymptotic stability 
and global miform asyixptotic stability of arbitrary subsets of 
a completely regular space X without any assumption of local 
compactness on X, in terms of quiasi -Lyapunov functions. 

In Chapter 4, using the concept of the set of limiting 
equations for a system of differential equations, a theorem on 
uniform asymptotic stability of the null solution of the given 
system is proved. !Ehis gives a complete answer to a problem posed 
by G.R. Sell in [44, p.273] and generalizes a result of 
I. Markus [34]. 

Chapter 5 is devoted to the basic notions of prolongation 
and prolongational limit sets of solutions of a given differential 
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equation. Some results which relate the behavior of a positively 
compact solution of a given differential equation with the behavior 
of solutions of the corresponding limiting equations have been 
obtained. Further, an attempt has been made to correlate the 
stability properties of solutions of a given differential equation 
in terms of its prolongation and proloagational limit sets. This 
yields, in establishing a relationship between the stability of 
local dynamical system and the stability of solutions of the 
corresponding differential equation. 

Ihe phase space of local dynamical system has been extended 
in Chapter 6 by defining prolongational set. Further, sufficient 
conditions to establish a relationship between the stability 
property of solutions of a given differential equation and the 
corresponding set of limiting equations, in terms of lyapunov 
functions, are investigated. A simple example is constructed to 


illustrate the results. 



CHAPTER 2 


IRELIlfl-NilSIES Aim BASIC RESULTS 


2.1 IBTROBUCTIOir 

Bie purpose of this chapter is to recall and collect the main tools 
that are required in our subsequent discussion. Section 2.2 contains 
topological preliminaries and basic results that are needed throughout 
the thesis. Section 2.3 introduces the fundamentals of the theory of 
dynamical systems. It contains essentially the definitions of 
dynamical systems and local dynamical systems together with the notion 
of trajectories, invariant sets and limit sets. The concluding section 

i 

consists of some elementary concepts and basic res\alts. 

2.2 TOPOLOGICAL PEELIMIHARIES 
Definition 2.2.1. 

A uniformity for a set X is a nonempty family LI of subsets 
of X X X such that 

(a) each member of U contains the diagonal A (A= {(x,x):x e X} ); 

(b) if u e U , then u ^ t U (u { (x,y): (y,x) e u) ); 

(c) if u e U f then v o v tc u for some v in U (u o y stands for 

the set of all pairs (xfz) such that for some y it is true 
that (x,y) ev and (y,z) e u)j 

(d) if u and y are members of t/ , then u v e U; and 

(e) if u e 0 and uc vc: X x x, then v e ti . 
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Definition 2.2.2, 

Ihe topology t of the miformity U , or the miXoim topology, 
is the family of all subsets A of X such that for each x in A 
there is a u in U such that u^c] c: A . (jtor each subset M of X . 
the set u[M] is defined to be { y: (x,y ) e u for some x in M } , 
and if X is a point of X, then u[x] is u[{x}3 ), 

(X, U) we shall always mean a set X with topology t defined 
by the uniformity U and call it as a uniform space. 

A uniform space X is always completely regular, and if 
fTl{u : u e U}is the diagonal A , then it becomes a liychonoff 
space. 

Definition 2,2.3, 

A subfamily B of a uniformity U is a base for 0 if and only 
if each member of U contains a member of B . 

The following well-known results on viniform spaces are used in 
the subsequent discussion. 

Theo7>em 2,2,1, 

The interior of a subset A of X relative to the uniform 
topology is the set of all points x such that u[x] c -A for some 
u in U , 

Theorem 2,2,2. . 

If u is a member of the uniformity U > thm the interior of 
u is also a member; consequently the family of all open symmetric 
members of U is a base for U , 
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Theorem 2,2.3, 

The closure, relatire to the uniform topology, of a subset A 
of X is n{u[A]; u e ti} . 

Theorem 2.2^4, 

Each neighborhood, of a compact subset A of X contains a 
neighborhood of the form u[A] where u is a member of the 
uniformity U , 

Theorem 2,2. S. 

If A is a subset of X, then for any y e U there is a u e U 
such that u[A]c:v[a3 . 

Defirvltion 2,2.4, 

Let P be a family of fmctions on a topological space X to 
a topological space Y, Por each subset K of X and each subset 
ff of y, define W(K,Gr) to be the set of all members of P which 
carry K into G-, that is w(k, G-) = {f; f[K]c:&} . The family 
of all sets of the form w(K,g), for K a compact subset of X and 
G open in Y, is a subbase for the compact open topology for P. 

A metric for the compact open topology on the class of all 
continuous functions C(w ^ R^), where W is an open subset of 

Euclidean n-space R°, can be constructed as follows: Let { be 

oo 

a sequence of compact sets in V x R such that W x h = U ^n • 

n=1 

Bor each n we construct a pseudometric 

'"^1- Ik-gll/ 
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where i|f-gll^=sup { [ f(x, t ) -* g(x,t ) i : (x,t) e } . 

The required' 'metric is given by 

00 

pCf>g) = I 2"" pj^(f,g). 

n=l 

The metric P depends on the choice of the sequence > however 

any other sequence of compact sets would generate an equivalent 
metric. If ^n+l ' ^ ~ then the space d (W x E,H^ ) 

is complete with respect to the above metric. 

2«3 DYNAMICAL SYSTMS 

Let (X,d) be a metric space and let E denote the set of reals 
with its usual topology j R"^ and R” the sets of nonnegative and 
nonpositive real numbers, respectively. 

Befinit-Con 2. S,l. 

A dynamical system on X is defined to be a mapping it :X x r ->■ x 
that satisfies the following properties : 

(i) ■'^(xjO) = X for all x e X ; 

(ii) TT (iT(x,t ),s) = Tr(x,t + s) for all x e X and all t,s e R 

(iii) IT is continuous. 

The space X and the map tt are respectively called the phase 
space and the phase map of the dynamical system. 

If MC. X and Ec: R^ then it(m, e) stands for the set 

{■rrCxft) ; xe M and t £ E } , 

When M or E is a singleton we write 'it(x,e) or (M,t) for 
{x) , e) or TT (m, {t } ), respectively. 



15 


The phase map determines two other maps when one of the rariables 
X or t is fixed. Thus for a fixed t e R, the map ir^ : X X 
defined by tt^(x) = 'n-(x,t) is called a transition, and for a fixed 
X e X, the map ; E X defined by (2:jt) is called a 

motion through x. 

¥fe now state the following result whose proof can be found in 

[ 12 ] . 

Theorem 2,3,1, 

"t t ' 

Eor each t e E, the mapping tt” is inrerse of the mapping rr 

and the mapping is a topological transform tion of X onto itself. 
Definition 2,3,2, 

Por any subset M of X we define 'Y(m), Y'''(h), Y''(m) by 

Y(m) = tt(M,R), Y'^(m) = tt(M,R'^), Y~(m) = ti(M,R“). 

If M = {x } the corresponding sets are denoted by y(x), y'*^(x), 

Y“(x) and are, lespectively, called the trajectory, the positive 
trajectory, the negative trajectory of x (or from x) (or through x). 
Defini tion 2,3,3, 

A subset M of X is called invariant, positively invariant, 
or negatively invariant, if and only if M = y(m), M = Y'^(m), 

M = Y“(m), respectively. 

Remark 2,3,1, 

Ibr any Mc:X, the sets Y(m), Y'*’(m), Y~(m) are always, 

respectively, invariant, positively invariant, negatively invariant. 
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Regarding invariance the following tvro results are well known 
(cf. 112] ). 

Lemma 2,3.1. 

[Ihe boundary, closure, interior, and complement of an invariant 
set are invariant. The closure and interior of a positively 
invariant set are positively invariant. The complement of a positively 
invariant set is negatively invariant. 

Lemma 2.3.2. 

The imion and intersection of a family of invariant (positively 
invariant) sets are invariant (positively invariant). 

definition 2,3.4. 

The positive limit set (or m-limit set) a(x) and the negative 
limit set (or a -limit set ) A(x ) of a point x in X are defined by 

a(x) = O Ci[Y’^(TT(x,T))], A(x) = n C£[Y~(TrCx,T))] , 

T T 

where C£ denotes the closure operation on X. A point y is in 
J^(x) (or A(x)) if and only if there is a sequence { J R with 
t -»■ + 00 (or t -»■ -«>) and -n-(x,t ) ->■ y. 

Definition 2.3,5. 

A motion 'ff(x,t) is said to be positively compact (or negatively 
compact) if y^(x) (or y ~(x)) lies in a compact subset of X. The 
motion is compact if y(x) lies in a compact subset of X. 

Loeai Dynamioat Systems 

Let I = (a, 6) be an open interval in E. If : I X we 
define the phrase " (j)(t)-> m as t bdy I" as follows : 
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(i) I / Rj that is, either a -<» or B 

(ii) If a ~ “ (or, respectively, ^ +«> ), then for every 

compact subset K of X, there is a 3?, a < T < B, such that 

<{>(t) e X - K for a < t T (or, respectively, I £ t < 6 ). 

Ibr each point x e X let I = (a ,B ) be an open interval in E 
containing 0. Let 

P = {(x,t) eXxE;tGl} . 

Defini-tion 2.3,6, 

A function it ; P X is said to be a local dynamical system 
on X if the following properties hold ; 

(i) ''t(x, 0) = x, for all x in X, 

(ii) If tel and s e I / v, then t + s e i and 

X TT j Ij J X 

iT(Tr(x,t),s) = ■rr(x,t + s). 

(iii) TT is continuous. 

(iv) Each interval I is maximal in the sense that either 
I = E, or TT(x,t)-^£o as t bdy I . 

X X 

(v) !I!he intervals I^ are lower semicontinuoiis in x, that is, 

if x^ -V X, then I c lim inf I . 
n ' X X 

n 

Remcxrk 2.3.2. 

A local dynamical system ir becomes a local semi-dynamical 
system if we replace the domain P of it by 

G = ■f(s:,t) e X X R+ : 0 < t < ■. 

Ihe sets y(x) = {^(xjt) ; t e I^}, y'*’(x) = { Tr(x,t) - 
0 ^t < Bjj^}, y“(x) = {Tr(x,t) : < t £0} are, respectively, 
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the trajectory, the positive trajectory, the negative trajectory 
through X, The definitions of positive invariant and invariant 
sets are the same as in the case of dynamical systems. Now define 
the sets 

LB"^ = {x e X : Bjc = 

LB“ = {x e X ; ot^ = 

LB = LB'^n LB~. 

¥e note that if LB is nonempty then LB x E c P and it , restricted 
to LB X E> maps LB x R into LB. This means that tt :LB x a lB 
is a dynamical system on LB. 

If X e LB"^, we define the m-limit set n(x) as in Definition 
2. 3 *4. Similarly, the a -limit set A(x) ’ is defined for all x e LB~. 

Also the definitions of positively compact, negatively compact and 
compact motions are the same as in Definition 2.3*5. Because of the 
maximality of we see that if ^(xjt) is positively compact, then 

X e LB"^. Similarly, if TT(x,t) is negatively compact (compact), then 
X e LB“(x E lb). The follov/ing lemmas which show the relationship 
between local dynamical systems on X and dynamical systems on LB 
are well-known 1433 • 

Lemma 2, 3, 3. 

Let Tr(x,t) be a positively compact motion. Then n(x) is 
nonempty, compact, and invariant. 

I = E . 

y 


i^fereover, for every y e f^(x). 
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the trajectory, the positive trajectory, the negative trajectory 
through X. ihe definitions of positive invariant and invariant 
sets are the same as in the case of dynamical systems. Now define 
the sets 

LB'*' = {x e X : = +“>, 

LB" = {x e X : = -«>}, 

LB = LB'^'n LB“. 

We note that if LB is nonempty then LB x R c P and tt , restricted 
to LB X E, maps LB x e into LB. This means that it :LB x e LB 
is a dynamical system on LB. 

If X e LB"^, we define the m-limit set n(x) as in Definition 
2. 3 *4. Similarly, the a-limit set A(x) is defined for all xe LB“. 
Also the definitions of positively compact, negatively compact and 
compact motions are the same as in Definition 2.3 *5 . Because of the 
maximality of I we see that if TT(x,t) is positively compact, then 
X e LB'*'. Similarly, if ■n'(x,t) is negatively compact (compact), then 
X e LB~(x e lb). The follov/ing lemmas which show the relationship 
between local dynamical systems on X and dynamical systems on LB 
are well-known 1433 • 

Lemma 2. 3. d. 

Let ^(xjt) be a positively compact motion. Then 0. (x) is 
nonempty, compact, and invariant. Moreover, for every y e ^^(x), 

I = E . 

y 
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Lemma 2.Z»4, 

Let IT be a local dynamical system on X, If there exists a 
positively compact motion, then LB is nonempty and the restriction 
of TT to LB defines a dynamical system on LB. 

Yfe shall need the following formulation of continuity of ir in 
the sequel. 

Lemma 2,5,5, 

Let TT be a local dynamical system on X. If is a 

sequence in X and then the sequence of functions 

{■rr(x^,t) } converge to TT(x,t), and the convergence is uniform on 
compact sets in I , 

2.4 ELEMMTiBY CONCEPTS MD BASIC EESULTS 

We shall use nets to describe several concepts. Ibr the basic 
ideas and results on nets see [28] . 

Let a dynamical system it on a metric space (X,d) be given. 

Eor each x e X, the transition tt : E ->■ X defined by -rr (t) = ir(x,t) 
is a net since R is naturally directed by the relation ^ on H . 
Ihe expression ^(xjt) stands for this net. Eor a BC.X, the 
statements such as 7r(x,t) in B ultimately or 'n'(x,t)in B 
frequently also refer to this net. Specifically, the first of these 
statements means that there is a T e R such that ^(xjt) e B for all 
t ^ T; the second means that for any I e R there is a t ^ T such 
that ^(xyt) e B, or is the same as saying that there exists t^ +“ 
such that TT (x , t^ ) E b. Similar remarks are to apply to nets of the 
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form v?ith given Be: X; these are nets mapping t e R 

onto the set 'ff(B,t). 'He write T^Cxyt) -»■ B to indicate that the 

f 

net Tr(x,t) is ultmately in every nei^borhood of B. ,'rr(x,t) y 
denotes that the net TT(x,t) is frequently in every neighborhood of 
the point x. 

The limit sets, prolongations, and prolongational limit sets may 
be defined by using the net TT(x,t) as follows : 

Be f ini tion 2.4,1. 

Jbr each x e X, set 

= { y : ^ (x,t) 5 y} , 

I)'*'(x) = {y ; TT (x^,t^) y for some x^ -»■ x and t^ e E"^ } , and 
J''’(x) = {y; tr(x^,t^) ->• y for some x^ x and t^ +«} . 

The sets ^(x), D'^(x) and J'*’(x) are called positive limit set, 
positive prolongation, and positive prolongational limit set of x, 
respectively. Similarly, negative version of these sets can be 
defined by using R“. 

The above sets can be defined similarly for a local semi -dynamical 
system. We need the follo'^ing results whose proofs are given in [s] . 

Lemma 2.4.1. 

Let X be a locally compact space. Then for any x e X, f)(x) 
is nonempty and compact if and only if CJl [y’*' (x) ] is compact. 

Lemma 2.4.2, 

let X be a locally compact space and x e X. Then D'^(x) 
is compact if and only if J'*’(x) is nonempty and compact. 
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Theorem 2,4,1 » 

let X be a Hausdorff space and x e X. Let there exists a 
neighborhood U of x with Cil [irlUjE"^)] compact. Then I)’*'(x) 
and J’'’(x) are both compact and connected. 

Theorem 2,4.2, 

Let X be a Hausdorff space. A local semi -dynamical system it 
is stable if and only if C£[y'^(x)] = D'*’(x) for each x e X. 

Remark 2,4,1, 

[Che above results are proved in [8] for local semi -dynamical 
systems. However, the corresponding results are also true for the 
case of local dynamical systems. 

Lemma 2.4,2. (KAMKE [27]) 

Iie'fc ■fSn} Cl C(w X R, for n = 1,2,..., and let g = lim g^, 
where the convergence is in the compact open topology on C . ibr 
n = 1,2,..., let be a solution of x’ = g^(x,t) with ^ 

Then there is a subsequence of that converges to a solution if 

of x' = g(x,t) that satisfies ^^(o) = x^, and the convergence is 
uniform on compact sets in the interval of definition of ^ . 

If, in addition, the solutions of x' = g(x,t) are unique, then 
= lim <f)^ , where the convergence is uniform on compact sets in the 
interval of definition of c|) . 

Let x(t) = x(t,t^,x^) be any solution of the differential system 
x' = f(x,t), x(t^) = x^, t^ ^ 0 , (2.4.1) 
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where f e C(SpX and f(0,t) = 0 for all t e R% 

being the set {x e R^: jx] < p} . 

Definition 2.4,2. 

Ihe mall solution x = 0 of (2.4.1 ) is 

(d^ ) stable if, for each e > 0 , t^ e r'*', there exists a 
positive function 6 = '5(t^, e) that is continuous in 
t^ for each e such that the inequalily 

IXq ] £ 5 implies ] x(t) j < e , t £ t^ ; 

(dg) loniformly stable if the 6 in (<3-^ ) is independent of t^} 
(d^) quasi as 3 nnptotically stable if, for each n > 0 , t^ e R’*', 
there exist positive numbers 6^ = and f = T 

such that, for t > t. + T and lx 1 < 5., 

' ^ O ^ 0 ‘ O' 


x(t) j < n; 



quasi uniformly asymptotically stable if 

the nmbers 6 
o 


and T in (d^ ) are independent of t^; 


(< 35 ) 

as 5 napto tic ally stable if (d^ ) and (d^ ) hold simultaneously; 

(d.) 

uniformly asymptotically stable if (d^) 

and (d^) hold 


together. 



Row we shall prove the following lemma which is used throughout 
the discussion of Chapter 3. 

Lemma 2*4.4, 

Let a dynamical system, it on a uniform space (x, U) be given. 
Consider the motion 'n'(x,t) for some x e X, ibr any v e U and 
for any 3? > 0 we can find a u e U so that, if y s u[x] , then 
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TrCy,t) e v[Tr(x,t)] 
for t e [o, T ] . 

Proof, Suppose that the lemma is not true, !Ihen there exist 
a T e ti and a T > 0 such that for ‘each u e U and some 
y E u[x] ,T e [0,T] , we have 

iT(y,T) v[ttCx,t)3. 

This implies that there exist a net ^ ^ ^ ^n^ 

such that ^ • Fow, since ^ t^^ is bounded^ 

there exists a subnet t t where t e [O.T] . Thus, we have 

n^ 0 o ’ 

y -v X, t 1 and 'n'(y ,t ) ^ v [''^(x.t )] , 

which leads to a contradiction as n is continuous. Ihis completes 
the proof. 



CHAPTEE 3 


IffFAMICAL SYSTMS IN UNIIOEM SPACES 

« 

3,1 INERODUCIION 

Bhatia and Szego 111] and Ura [47] among others have studied 
the concepts of stability and attractors for arbitrary subsets of 
the phase space of a dynamical system defined on a metric space# 
lefschetz [32] and Z\abov [54] obtained necessary and sufficient 
conditions for stability and as 3 nnptotic stability of arbitrary subsets 
of the phase space of a dynamical system defined on a metric space, 
in terms of lyapmov— like functions, Bhatia [7] has studied the 
concepts of stability and attractors for a dynamical system defined 
on a Hausdorff space. Qxiite recently Bhatia and Ha;jek [9] obtained 
necessary and sufficient conditions for imiform stability of arbitrary 
subsets of the phase space of a dynamical system defined on a uhiform 
space. 

Our aim in this chapter is to obtain necessary and sufficient 
conditions for uniform stability, attraction and asymptotic stability 
of arbitrary subsets of the phase space of a dynamical system defined 
on a uniform space. The concepts of uniform stability, attraction and 
asymptotic stability, which are introduced here for dynamical systems 
defined on uniform spaces, are new and reduce to the Tasual concepts in 
metric spaces. This approach simplifies the proofs of some of the 
theorems which are given in [ 1 1 ] , Purther, this study includes some 
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of the resiilts of [32] aad [54] as special cases. Section 3*2 
is devoted to the notions of stability and uniform stability of 
arbitrary subsets of the phase space. In Section 3.3j concepts 
of weak attraction, attraction, strong attraction and uniform 
attraction are introduced, and several of their interactions are 
discussed. Section 3.4 deals with the study of asymptotic and 
uniform asymptotic stability. It is shown that these are related 
to a lyapunov-like behavior of appropriate real functions on the 
phase space. This yields, in particular, Theorems 3.4.5 and 3.4.6 
which characterize global asymptotic stability and global uniform 
asymptotic stability of arbitrary subsets of a completely regular 
space X without any assumption of local compactness on X. 

3.2 STABILITT OB SETS 

let (x, U ) be a uniform space and be a given dynamical 
system on Z. 

Definition 2,2,1. 

A set iS c Z is said to be positively stable if and only if, 
for each v e U and x £ 21 there exists a u e U (u depends on 
V and x) such that 

it(u{x 3 , R'*’) c: v[m3 . 

Definition 2, 2, 2, 

A set Me X is said to be positively uniformly stable if and 
only if, for each vet/ there exists a u e. U such that 


Tr(u[M], R'^)c: Y {M 3 . 
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Similarly negative stability and negative uniform stability 
of a set Mc: X can be defined by replacing by E”, 

Jbr simplicity, in our subsequent discussion, positively stable 
and positively uniformly stable are referred as stable and unifomLy 
stable, respectively. 

Now, we have the following results on stability and uniform 
stability of arbitrary subsets of X , 

TheoT^n 3.2,1, 

If a set M o X is tuiifoimly stable, then M is stable. 

3he proof of this theorem is obvious from the definitions of 
stability and uniform stability. 

On the other hand, it is easy to constrirct examples of sets 
which are stable but not uniformly stable [11, p. 66] j 

Theorem 3, 2, 2. 

If a set M c; X is compact, then stability of M is equivalent 
to uniform stability. 

She proof of this theorem is a direct consequence of theorem 2.2.4 
together with definitions 3.2,1 and 3.2.2, and hence omitted. 

Theorem 3,2.3. 

If a closed set McrX is stable, then it is positively invariant. 

Proof* Stability of M implies that cr v [M] for all v e U, 

Since the closure relative to a ruaiform topology of a subset A of X 
is n{u [A] :u e U) (cf. (Eheorem 2.2.3)j we have 

tt(M,R'^)c: n{u [M] : u e tl} = M = M , 
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since M is closed. But M<r it always holds, so that we 

have 

tt(M,E'^) - M 

which implies that M is positively, invariant, Hiis completes 
the proof. 

Theorem S,2t4, 

If a set Me X is uniformly stable, then M is also 
uniformly stable. 

Proof, Uniform stability of M implies that given any v c U there 
exists a u e tf such that Tr(u[M], r"^) clv{M] . 

t. 

Row for this u e U there exists a symmetric w e U such that 
werw 0 w c. u (of, Qheorem 2.2.2). We claim that 

w [m 3 c: u [M] . 

ITo prove this, let x e w [M] then there is some m e M such that 
(m,x) e w. If m G M, then (m,x) e u (since wcu). Ihis implies 

that X e u [M] . Further, if m is a limit point of M, then 
w [m 3 will contain a point m of M. It follows that m e w (m] 
and (m,m) e w. Since w is syrmetric, we have (m,x)e w o wcu 
and hence x e u [m] . Ihis shows that x e u [M] . Therefore, 

we have 

■ •^(w [M] , R+ )c: V [M] C V [M] . 

This proves the result. 

Theorem 3,2.S. 

A set M C X is uniformly stable if and only if to each 
ve U and x ^ v [M] there exists a u e such that y'“(x) does not 
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intersect u [M] . 

Proof, If the condition is violated, then given v e U there exists 
a point X ^ V [M] such that y (x) has some point y in u [M] 
for each u e tf . !Ehis implies that Y^(y) leaves ■v[M] , which 
is a contradiction to uniform stability. 

Conversely, suppose that for a given r e U and x 4 v [M] 
there is a u depending on v which belongs to U such that 
Y (x) is outside u {M] . Ihis implies that for acy point y e u [m3 

we have ■n'(y,E^)c v £M3 « !Chis shows that 

it(u [M] , E'*') c V {M] . 

Hence the theorem is proved, 

3.3. ATTRACTOES 

let M be a subset of X , 

Definition 3,3,1. 

A point X e X is said to be 

(i) positively weakly attracted to M if and orOy if the 

net •iT(x,t), t e E'*', is frequently in for 

each V e U ; 

(ii) positively attracted to M if and only if the net 
ir(x,t), t e R+, is ultimately in v [M] for each 

Y e U ; 

(iii) positively strongly attracted to M if and only if 
for each v e U there exists a u e U such that the 
net Tr(u [x] ft)f t e H% is ultimately in v[m3 , 
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In the subseciuent discussion, the word ’positively’ is 
emitted when referring the above definitions. 

Define 

a^(m) =■ {X 6 X s X is weakly attracted to M ) , 

a(m) »: {x e X } X is attracted to M > , 

and A^(m) = {x e X : X is strongly attracted to M } , 

The sets A(m) and A^Cm) are called the region of 

weak attraction, the region of attraction and the region pf strong 
attraction, of Uf respectively. 

Definition 3^3,3, 

If A^(m), A(m) and A^Cm) are equal to w [M] for some 
w e tl , then M is called a weak attractor, an attractor, and a 
strong attractor, respectively. 

Definition 3,3,4, 

A set Me: X is a uniform attractor if and only if there 
exists a u e U such that, for each x e u[M]j''’(x,t) is 
ultimately in every vfM],v£U , unifoimly in x . 

!I3ae set u [M] is known as the region of unifoim attraction of M 
and is denoted by A^(M). 

Remark 3,3,1, 

It is obvious from the above definitions that 


A^(m) «= Ag(M) <= A(m) <= A^(m). 
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Theorem 3,3,1. 

Jior any set McX, the sets A^(m), A(m), A^Cm) and A^(m) 
are invariant . 

Proof, Eirst we prove that the set A(m) is invariant, let 
X e A(m). We have to show that for any T e R, 

ir(x,!P) e A(m) . 

Since x e A(m), we have, from the definition, for any u c U:> 

Tf(x,t) e u [M] as t 

Hence from group axiom, we get 

w(x,t + T) e u [M 3 as t + T . 

This implies that Tr(x,T) e a(m) and hence the set a(m) is 
invariant. The proof for A^(m) is similar and hence omitted. 

To prove that A (m) is invariant, let x e A (m) and 
s s 

T e R. let V be any member of U . Since x is strongly 

attracted to M, by definition, there exists a u e U such that 

ir(u £x] ,t) is ultimately in v [M] . ^ Theorem 2.3.1 j 

ir (u Ix] ) is a neighborhood of Tr(x,T)* Obviously, this 
T/ 

neighborhood w' ^(u [xl ) of it(x,T) has the property that 

T 

ttItt (u [x]), t) is ultinately in v [M] , which implies that 

ff(x,T) is strongly attracted to M. Hence the set A (m) is invar' 

_ S 

iant. The proof for A^(m) is similar and hence omitted. 

Theorem 3,5,2, 

It a set Me X is a weak attractor or an attractor or a 
strong attractor or a uniform attractor, then the corresponding 
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region of attraction is an open invariant set. 

Proof » Prom Iheorem 3.3*1) it follows that the sets A (m))A(m), 

w 

A (m) and A (m) are invariant. Bierefore, it is enou^ to show 

s u 

that they are open. 

We shall first prove that A(m) is open. Since M is an 
attractor) by definition, there is a w e U such that A(m) = w [M] . 
NoW) for this w, there is a vet! such that vc; w and v is an 
open symmetric neighborhood of the diagonal A . This implies that 

V Im] is open (cf. [28] ). Olius for any x e A(m) and t ^ 0, 

if w(x,t) e V [M] , then w ^(v [M] ) is an open neighborhood of 

X, due to Theorem 2.3.1. Further, since iT(y,t) e v [m] for each 

“**t* 

y e IT (v [m] ), we conclude that tt (v [M] )c A(m), due to the 
invariant property of A(m). Hence a(m) is open. The proof for 

A (m) is similar and hence omitted. 

w 

To prove that A (m) is open, since M is a strong attractor, 
s 

it follows from the definition that there is a w e U such that 
w [M] = A (m). For this wet! there exists a v e t! such that 

V is symmetric open neighborhood of the diagonal A and also v c: w 

and hence v [M] is open (cf. [28] ). low, suppose that xeA (m), 

s 

which implies that there exists a u e U such that ir (u W ,t) is 

ultimately in v [M] . This shows that, there exists a T e R such 

that ■'’■(xjT) e v [M] * Hy Theorem 2.3*1, we know that ir ^(v [M] ) 

is an open neighborhood of x and hence tt ^(v [M] ) cf w [M] = Ag(M), 

due to the invariant property of A (m). This implies that the set 

s 

Ag(M) is open. Similarly, we can prove that A^(m) is an open set. 
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Covottary 3, 3. 1, 

If a set MC X is 

(i) a -unifoMi attractor, then A^(m) =; A^(m) ; 

(ii) a strong attractor, then A^(m) = Ami'll)} 

(iii) an attractor, then a(m) = A^(m). 

The proof is direct and simple, hence omitted. 

Theorem 3.3.3, 

If a set M c: X is positively invariant and Me A (m), 

s 

then M is stable. 

Proof, let u [M] be a neighborhood of M for some u e tl . 

Since M C A (m), for every x e M there exists a v e U and a 
s 

TER'*’ such that 

W ,t)c^ [M] for t ^ T. 

Prom the positively invariant property of M and the continuity 
axiom, there exists a w e 0 such that 

IT (w [x] ,t) Cl u [M] for 0 1. t ^ T. 

Thus, by setting v' = v A w, we have v’ e ti and 

Tr(v* [x] ,t) c u [M] 

for t e E"’’. Hence, for a given u e U and x s M there exists 
a v’ E U (v’ depending on u and x) suoh that 

Tr(v* {x] , E"^) c u [m] , 

Thus M is stable. This completes the proof. 
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Remark 3,3,2, 

A siniilar theorem is proved in [11] by assuming that the 
set M is positively invariant closed set which is unifomly 
attracting. Obviously the assumptions of Theorem 5.3.3 are less 
restrictive. 

Theorem 3,3, 4, 

Let M be a subset of X. If M is uniformly stable and a 
weak attractor, then the set M is a strong attractor. 

Proof, Since M is a weak attractor it is sufficient to show? that 
A^(M)<::rA^(M). Let x e A^(m) and v [M] be any open neighborhood 
of M, where v £ ^ . Since M is uniformly stable, there exists 
an open u e t( such that 

ir(u[M3 , E*'') C V [M ] . (l) 

Further, x e implies that there is a t e E”^ such that 

^(x, T ) e u {M] . 

Let ^(x, T ) = y. Since u [M] is open and y ^ u {Mj , it follows 
that there is a w e U such that 
w [y] C u [m3 . 

Therefore, from (l), we have 

[y] t ^ V [m3 . 

On the other hand, we know that w "*■ (w [y]) is a neighborhood of 
X and 

Tr”‘^(w [y3 ) C A^(m) . 

This shows that the net irCir "'(w [y3 ),t) is ultimately in v [m3 , 



which implies that x e A (m). Hence the theorem is proved, 

s 

Theox'm 3,3.5. 

A compact subset M of X is imiformly stable if and only if 

M is positively invariant and McA (m). 

s 

Proof. !Ehe necessity follows directly from the definition of tiniform 
stability and Hieorans 3 •2*3 and 5.2.4, 

3b prove sufficiency, let v be an arbitrary member of li . 
Sheorem 2.2.5, there is a v* e ti such that 

V* [M] c V [M] . (l ) 

How, since Me A (m), for a given x e M and y* b U there exist 
s 

w e U and T ^ 0 such that 

IT (w [x] ,t) c -V* [M] for all t ^ T. (2) 

Further, by lemma 2.4.4, given v* e U and T > 0, there exists a 
w* e U such that ye w* [x] implies that 

Tr(y,t) £ V* {Tr(x,t) ] 

for t e [0,1] . Since M is positively invariant, we have 

it(w* [x] ,t) e V* [Ml for te[0,l]. (3)- 

Consider W = w A w*. Obviously W e U and from (2 ) and (3 ), vre 
have 

Tr(w [X] , R'^) c V* [M] . 

How, let 

H = U{W [x] : xe M }. 
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0?heny we haye 

IT (NjE'*') c [ M ] . 

Since M is compact and F is a neighborhood of M, there exists 
a u e U such that u[M3c 1 (cf. Theorem 2.2>4). Hence, using 
( 1 ) , v/e have 

TT (u [M] , R'^ ) C. V [M] . 

This proves that M is uniformly stable. 

Theorem 3,3^5, 

A compact subset M of X is uniformly stable and a v/eak 
attractor if and only if M is positively invariant and M is a 
strong attractor. 

Proof, let M be uniformly stable and a weak attractor. Then M 
is positively invariant because of Theorems 3»2.3 and 3.2.4, and M 
is a strong attractor follows ficm Theorem 3*3«4. 

Conversely, let M be positively invariant and M be a st30ong 

attractor. Then, by Corollary 3.3.1, M is a weak attractor. 

Rurther, the uniform stability of M follows from Theorem 3.3.5 

as M is positively invariant and Me A (m). This completes the 

s 

proof. 

Theorem 3.3.7, 

let M be a subset of X, If M is positively invariant 
and M is a uniform attractor, then M is xaniformly stable. 

Proof is similar to the proof of Theorem 3.3.6 and hence ^ 


omitted 
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3.4 ASIIiEPTOriC AHD UNIiDEM ASYMPTOTIC STABILITY 
Definition 3,4,1, 

A set Mfc X is said to be 

(i) asymptotically stable if and only if it is uoifoimly 
stable and an attractor, 

(ii) globally asymptotically stable if and only if it is 
asymptotically stable and A(m) = X , 

Definition 3,4,2, 

A set M c X is said to be 

(i) uniformly asymptotically stable if and only if it is 
uniformly stable and a uniform attractor. 

(ii) globally uniformly asymptotically stable if and only if 
it is uniformly asymptotically stable and A^(m) = X. 

Now, since a strong attractor is an attractor, Theorem 3.5.6 
gives the following characterization of asymptotic stability of 
compact sets. 

Theorem 3,4.1, 

A compact subset M of X is asymptotically stable if and 
only if M is positively invariant and M is a strong attractor* 

Theorem 3, 4. 2, 

A set Me: X is uniformly asymptotically stable if and only 
if M is positively invariant and M is a uniform attractor. 



37 


Proof. Let M be a uniformly asymptotically stable subset of X, 

Then, by Definition 3.4.2, M is uniformly stable and a uniform 
attractor. Since M is uniformly stable, from Theorems 3.2.3 
3.2.4, M is positively invariant. The converse of the theorem, 
follows from Theorem 3.3»7. This completes the proof. 

Theorem 3. 4, 3. 

If a compact subset M of a (fychonoff space X is unifomxLy 
asymptotically stable then there exists a u e U such that u [M ] 
is free from complete trajectories other than those in M itself. 

Proof. Suppose that the condition does not hold, so that every 
V {M] for V e U contains a complete trajectory. Since M is 
uniformly asymptotically stable so it is uniformly stable and there 
is a w e U such that, for each x e w [M] , ^(xjt) is ultimately 
in every v [M] , v e U , uniformly in x. Uniform stability of 

M implies that there is a u e U such that 

Tr(u [M] , E^)c: w {M] , 

and from uniform asymptotic stability of M it follows that there 
is a T £ E such that if x e w [M] then 
TT (x, t) e u [m3 

for all t ^ T. Eow suppose that the complete trajectory which is 
contained in w [m] is y . Since M is a compact subset of 
a dychnoff space, we can choose u such that u [M] does not 
contain a certain point y of Y . Hence, we have z « ■iT(y,-T)e w [M] , 
because y is contained in w [M] and z e Y . Thus ir(z,T) = 
y e u [M] , which is a contradiction. OThis proves the theorem. 
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Theorem 3,4.4, 

A uniformly stable strong attractor M with compact region 
of strong attraction is uniformly asymptotically stable. 

The proof is direct and simple and hence omitted. 

How, ve shall obtain necessary and sufficient conditions for 
global asymptotic stability and global uniform asymptotic stability 
of arbitrary subsets of X , in terms of quasi-Iyapunov functions 
(cf. {9] ). 

DefiniHon 3.4,3, 

A mapping (fi : X R'*' is called a quasi-Lyapunov function 
(to IT on X) if and only if <{> is continuous, and to each e > 0 
there is a 5 > 0 such that 

ij)(x) < 6 implies (j>(T»’(x,t)) e 

for all t e E''". 

Theorem 3, 4, 5, 

A set M c: X is globally asymptotically stable if and only 
if for each v e U there exists a uniformly continuous quasi- 
Lyapunov function 4'v ; X -»• [0,1 ] such that 

= 0, <j)vj{X-v [M] ) = 1, 
and for x e X,(j)yCiF (x,t)) *»■ 0 as t . 

Proof, Suppose that M is globally asymptotically stable. This 
implies that M is uniformly stable and A(m) = X. Since M is 
uniformly stable, for each r e U there is a uniformly continuous 
quasi-Lyapunov function <|>^ ;X [0,1] such that 
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4>y!M = 0 and (X-v [M] ) = 1 [9, p. 16] . 

Uow, take any e > 0 and consider ttie set 

u = Ux,y) : i4y(x) - <!)^(y)l < £}» 

Since <1)^ is -uniformly con-feinuous, ob-viously u e U - This implies 

that, if y e u [Mj then 

U^(y) j < e , as ^,y(M = 0 . 

Now, let X e X, As A(m) = X, there is a T > 0 such that 

Tr(x,t) e u [M] for t ^ T. This in turn implies that 

j4-v(Tr(x,t)) 1 < c 

for t ^T. Hence ^y('iT(x,t)) -»■ 0 as t +“ . 

Conversely, suppose that for each v e U there exists a uniformly 

con-tinuDUS quasi -lyapunov function 4'v [0,l] satisfying the 

above conditions. Obviously M is uniformly stable [9, p. 16 3 .. 
So we have only to show that a(m) = X. Consider any x e X and 
any u e U , ibr this u, there is a uniformly continuous 

quasi -lyapiuiov function : X [0,l3 such that 

i>^\m = 0, h^l(X - u [M] ) =1 

and 4’^(''''(x,t)) "^0 as t +“ . Now suppose that ir(x,t) 
is not ultimately in u [M] • Then for any T e R''" there is 
a T > T such that 

it(x, t)) u [m] 


This implies that 
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4>u(‘^Cx,t)) = 1 * 

Hius, it follows that 4>y (Tf(x,t)) 0 as t 4 -m • , which is a 

contradiction. Hence 7r(x,t) is ultimately in u [M] » Since 
X and u are arbitrary, we have A(m) = X. This completes the 
proof. 

Theorem 3. 4, 6. 

A set Me X is globally uniformly asymptotically stable 
if and only if for each v e U there exists a uniformly continuous 
quasi -lyapunov function <5^ : X -> [0,1] s\x:h that 

\\U = 0, [M] ) = 1, 

and 4'y(TJ'(x,t)) -4-0 as t -♦• +“ , uniformly in x. 

The proof is similar to the proof of Theorem 3.4.5 and 


hence omitted 



CaiPTER 4 


LimilKG EQUATIONS 


4.1 INTRODUCTION. 

Hie concept of the 'set of limiting equations' of a given 
differential equation has been introduced by G-. R. Sell [44] « 

The notion of 'asymptotically avtonomous differential equations* 
introduced by L. Markus [34] can be described as those differential 
equations for which the set of limiting equations consists of a 
single point. In [44] , G.E. Sell has proved a theorem on 
asymptotic stability of the null solution of a given differential 
equation while assuming that the null solution of the given differential 
equation is uniformly stable and null solution of every limiting 
equation is asymptotically stable (in a uniform sense). However, 
as pointed out in a remark [44, p. 2731 and [45, p. 536 ] , his 

theorem is not generalizing a result of 1, Markus [34, Theorem 2] . 

The aiia of this chapter is to prove a theorem on uniform asymptotic 
stability which generalizes the resuilt of 1. Markus [54, Theorem 2] . 

4.2 CONS'IRUCTION OP DINiiMICAl SYSTEM 

Throu^out this chapter, we follow the same notation as in 
[43] and [443 . 

Let W be an open set in R^, Euclidean n-space. The Euclidean 
norm on will be denoted by jx] , Let C = <7 (w x R, E^) denote 
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the set of all continuous functions f defined on W x E with 
values xn E . 
definition 4,2,1, 

Tl 

A function f: W x E -v E is said to be admissible if and 

only if 

(i) f is continuous, e.nd 

(ii) the solutions of the differential equation x’ = f(x,t) are 
unique. 

Sy the second condition we mean that given any point 
(x^,t^) in W X E, there is precisely one solution q of 
x' = f(x,t) that satisfies ~ \ - 

Definition 4, 2. 2, 

We shall say that an admissible function f in C{^ RyR^) 
satisfies the global existence property if and only if every solution 
of x' = f(x,t) can be continued for all t in R. 

It is evident that if f is an admissible function, then 
every translate of f (where (x,t) = f(x,t + t)) is an 
admissible function. lilso, if f satisfies the global existence 
property, then so does each . 

Let E ^ ® ^ space of translates of f, 

then E is a subset of C . Row let f be an admissible . 
function and consider the space of translates F in the compact 
open topology on (7 . Let F(that is,' the closure in the 

compact open topology) be the hull of .f. 
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definition 4, 2. Z, 

A function f is said to be regular if and only if every 
function f^ in the hull- P* is admissible. 

CO 

The following result is due to G.E. Sell [43] . 

Theorem 4,2,1. 

The mapping tt* s C x R ->fi} defined by •)T*(f, t) = f^ j 
defines a dynamical system on C , when C has the compact open 
topology. Each set E = {-f : t e E } is a trajectory of ir*. 

T 

It is clear that the restriction of -rr* to c C is also 
a dynamical system. 

Definition 4. 2. 4. 

The motion f , is said to be positively compact if and only 

U 

if the closure of {TT*(f,t): t ^0} lies in a compact subset of 
E* . 

CO 

Definition 4,2.5. 

Let f e C and let E*^ be the hull of f (Neither regularity 
nor admissibility of f will be important here). Let Tr*(f,t) = f^ 
be the flo?j on E* and let n*(f) denote the co-limit set of f 

CO 

in this flow. If the co-limit set J2^(f) of f in E*^ is nonempty, 
then we say that the set of limiting equations for 

x' = f(x,t) (4.2.1 ) 


is the set of all differential equations of the form 
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x' = f*(x,t), (4.2.2) 

where f* e Q*(£'). 

4.3 ronPOEItf ASYMPTOTIC STABILITY 

In Theorems 4 and 5 of [44] , G.R. Sell has proved that if 
the equation (4.2.1 ), vri.th the assumption that f is a regular 
function and f(o,t) = 0 for all t > 0, has a 'stable’ solution, 
then the limiting equations (4.2.2) has the same property. The 
problem of reversing these roles is a bit delicate. That is, if 
we assume some stability properties of the solutions of (4.2.2), 
then it is generally harder to derive results about the given 
equation (4.2.1 ). Consider the following example. 

Example 4.3.1. 

Bie solutions of the linear equation 

X' = (t ^0) 

are not stable. However, the solutions of the limiting equation 
(there is only one) x' = 0 are uniformly stable, (/slthoxagh the 
above equation is defined only for t ^ 0, one can easily extend 
it for t < 0. This would not change the limiting equation.) 

However, G.Pi. Sell has proved the following result. 

Theorem 4.3.1 [44^ Theorem d]. 

n 

Let f e ^(W X E, R ) be a regular function with 
f(0,t) = 0 (t ^ 0 ) and assume that the motion f^ is positively 
compact, in the compact open topology. If 
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(i) the null solution of (4.2.1 ) is uniformly stable, and 

(ii) the null solution of every limiting equation (4.2.2) is 
assnnptotically stable (in a uniform sense), that is 
U(x,f*,t)U 0 as t-*- +0O whenever |x| a and f * e Q*(f), 

then the null solution of (4.2.1 ) is asymptotically stable. 

Now, we shall prove the following main result. 

Theorem 4,2.2^ 

Let f e ^(w X R, e'^) be a regular function with f(o,t) = 0 
(t ^O). If there exists a function f* in Q*(f) such that the 
null solution of (4.2.2) is uniformly as3n]iptotically stable, then the 
null solution of the given equation (4.2.1 ) is uniformly asymptotically 
stable . 

Proof* Let (S>(x^,f*,t) be any solution of (4.2.2) with 4(x^jf*,0) = 
Let e > 0 be given. Since the null solution of (4.2.2) is uniformly 
asymptotically stable, given e/2 there exists a =®^(^/2) > 0 
(without any loss of generality we can suppose that <5^ < e/2) such 
that the inequality 1 x^ 1 < implies 

l<i>CXo,£*,t)! < I (4.5.1) . 

for t ^ 0, and there exists a 5 q > 0 , such that for every p > 0 
there exists a T = I(’^) ^ 0 such that the inequality jx^j < 5 q 


implies that 
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kCx^, £*, t)| < n ( 4 . 3 . 2 ) 

for t Choose 5 = mia ( 5 ^, 6 ^). Ifxjia (4.3.1 ) and (4.3.2), 

we have 

UCXq, £*, t) I < j ( 4 . 3 . 3 ) 

for t ^ 0, whenever |x^| < 6 , and for d /2 there exists a 
T = !r(d/2) such that the inequality | x^ [ < 6 implies 

i<j)(x^, £*, t) I < j (4.3.4) 

for £ . Now, by Leoma 2.4.3 , given f^e and 3/2 there 

is a d = d(3/2) > 0 such that 

UCXq, £*, t) - (i)(Xo, g, t)! < j ,for 

t E [ 0 , 1 ] , |x^| < 5 , v\hettever p(f*,g) < d, where p is any metric 
which generates the compact open topology on . ly the definition 

of n*(f) we can find a translate f^ , t > 0 , such that P (f^,f ^)< d. 
Iherefore 

UCXq, £*, t) - f^, t)| < j ( 4 . 3 . 5 ) 

for te{0,T] , jx^ 1 <6. Combining (4.3.3) and (4.3.5), we get 

1 ~ UCXo,£*,t)| + - <j)CxQ,£*,t)! 



That is, 


UCXq, t)| 


< E 


(4.3.6) 
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for t e [O^T] , jx^] < 5 ; 

low let x^= fx ’ then from (4.3«4) and (4.3»5), we have 

Uil lUCx^,f*,T)| + !xj_-(j)(x^,f*,T)| 



Hierefore, from (4.3-6) it follows that 
lKXi,f^,t) I < e 

for te [0,T3 } which in turn implies that 
Ucx^,f^,t) 1 < e 

for t e [0,2T] , 1 x^ | < 5 , Similarly, if we suppose 

x^ = <!>(x^,f^,!r), then 

1 x 2 ! < i(J)Cx^,f*,T)t + 1x2 - KXj,f*,T)l 



and again, from (4.3.6), it follows that 

f<l>(Xo,fx»^^ 1 < e 

for t £ [0,31] , jx^l < 5 . Wow, let m be a positive integer 
and assume that 

!HXo,f^,t)| < e 

for t e [0,m!r] , j x^ f < 5 , and assume that 
l<t'Cx^,£^,mT) ! < 6. 
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"feiisii from (4»3*3) and (4»3»5)y we have 



for t E [0,T 3 , Therefore, (j)(x^jf^,t) can be continued to the 
interval [mT, (m + 1 ) t] on which 

UCXo,f^,t)l < e. 

( 4 . 3 . 4 ) and (4.3.5) and the 

fact that lx 1 < 5 , we have 

l^m+J 1 l4>(Xpj,f*,T3! + - <l)(Xjjj,f*,T)l 



Thus, by induction, 1 1 |) (x^,f^,t) j < e , whenever j x J < 6 , on every 
interval [mT, (m + I) T] and hence on [O, +“ ). Since 6 is 
independent of t , we have, for a given e > 0 there exist a 
6= 5(e) >0 and a t =:T(e) ^0 such that 

l<;)CXp,f,t) 1 < e, for 

t ^T, provided jx^j < 6 . ETow from the continuity of solutions 
with respect to the initial values and the uniqueness of solutions, 
it follows that the null solution of (4.2.1 ) is unifomly stable. 

A A 

Itor the rest of the proof, choose and fix jx^j < , let 

A • 

'n > 0 be given. Choose 5 (n) = min (5 ^(ti/2), 'Sq ), 0 < ^ and 

2?/n) = T (V 2 ). Let yQ= <l)(x^,f^,T^), T = T(n) 1 0. Ohen 
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lyoi 1 t<>CXo,f*,Tp| + |(|>CXq,£^,TP - <|>(x^,,f*,Tj)l 

^ ^ ^ I 

< — + — = 6 . 

2 2 

![hus by the first part of the proof, 

|4Cyo»f>t) j < p 

for t ^ T > whenever j y^ | < 6(ti) • Now by the miqueness of 
solutions, it follows that 

{<)Cx^,f,t) 1 < p 

for t ^ !!?*■, whenever (x^| < 6^ , where 1* = f^Cp) = 1 + 0?^. IThis 

completes the proof of the theorem. 

Remark 4.5,1, 

Observe that in theorem 4.3.1, G.R. Sell assumed that the motion 

f is positively compact and the null solution of every, limiting 
0 

equation (4.2.2) is asymptotically stable (in a uniform sense) to prove 
that the null solution of (4.2.1) is asymptotically stable. Clearly, 
Iheorem 4.3.1 is not generalizing a resifLt of I. Markus [34, Iheorem 2] 
as remaiked in [44, p. 2731 .. and [45, p. 536] . It is apt to 
remark here that in Iheorem 4.3*2, we merely assme that the null 
solution of (4.2.2) for some f* in £l*(f) is unifomLy asymptotically 
stable to prove that the null solution of (4 .2 . 1 ) is unifoimly 
asymptotically stable. Obviously, this would generalize the result 
of L. Markus [34, Iheorem 2] for asymptotically autonomous equations. 



CHAPTER 5 


HROLONGATIOH A5ID EROTOIGATIOIAL LIICT SETS 

5.1 INTRODUCTION 

Quite recently G.R. Sell [43j443 has shown that there is a 
way of viewing the solutions of nonautonomous differential equations 
as dynamical systems. This view point is very general and includes 
all differential equations satisfying only the v/eakest hypotheses. 

In I 44 ] , by introducing the concept of the 'set of limiting 
equations ' for a given differential equation, he has investigated 
some of the implications of the theory of topological dynamics in 
this setting. Further, by using the concept of u-limit set in [44] j 
G.R. Cull has established the basic relationship between the solutions 
of a given differential equation and the solutions of the corresponding 
limiting eqimitions. His results generalize some of the recent- works 
of I. Markus [ 34 ] and E.K. Ivhller [35] . , . 

Our Aim in this chapter is to introduce the concepts of 
prolongation and prolongational limit sets for the solution of a 
given differential equation in the usual way and study the properties 
of these sets# Section 5*2 deals with definitions and basic lemmas# 

In Section 5#3, we obtain some results which relate the behavior of 

a positively compact solution of the given differential equation 

with the behavior of solutions of the corresponding limying^ eq^ ,,, 

I I 
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This study includes some of the results of (J.R. Sell [44] . It is 

\?ell knc’.,n thno the concepts of prolongation and prolongational limit 
sots play Oil important role in the stability theory. In Section 5.4, 
vie shall prove some theorems which characterize the stability 
properties o-l solutions of a given differential equation in terms of 
its prolongation and prolongational limit sets. Further we establish 
a relationship between the stability of local dynamical system tt and 
the stability of solutions of the corresponding differential equation. 

5.2 DEFINITIONS 

Siroughout tiiis chapter we shall follow the definitions and 
notations of Section 4.2. 

Lot f e C(v/ X R, R^) be an admissible function and let 
4'(t) = d(x,f,t) bu the solution of (4.2.1 ) that satisfies (J>(x,f,o) = z. 
Let -- ( o , 3 ) be the maximal interval of definition of (|) . 

deftniticn 5,2.1. 

The solution <{) is said to be positively compact if and. only 
if the set ■t^(t) : 0 t < 6} lies in a compact set in W, 

I-Iogo.tia^e compactness and compactness are defined similarly. 

Since 1/ h 7 .'\ is maximal, it follows that g = +« , whenever <[) is 
positively compact. If <|) is compact, then I^^ = E, that is, ^ 

is defined fox- all t in E. 

Let f e cCw x R, r“') bo a regular function. Then the 
mapping [ 43 > Theorem 8] 


Tr(x,f;t) = ((j)(x,f,t),f^) 
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defines a local dynamical system on W x P* where P* is the 

CO CO 

hulx of f in tne compcict open topology on ^(w x RjR^), It is 
clear that the motion Tr(x,f;t) is defined for all t ^ 0 if and 
only if the solution cj>(x,f,t) is defined for all t > 0. 

Por (x,f) e W X p^^, Y(x,f) = {ir(x,f;t) ; t e H} is the 
trajectory through (x,f). Similarly t>0} 

and Y (x,f ) = {it (xjf;t) : t £_0}are, respectively, the. positive 
and negative semitraj ectories through (x,f). 

Hic limit sets, prolongations, and prolongational limit sets 
may now be defined as follows. 

definition 5,2,2, 

Star each (x,f) e W x p* pet 

CO 

2(x,f) ={(y,c) : 7r(x,f;t^)-> (y,g) for some sequence +oo } , 

D'^(x,f) = { (y,g) : (y,g) for some sequences 

(Xi,f^) -> (x,f) and t^ ^ 0 } , and 
J'^(x,r) = ■f(y>g) : (y>g) some sequences 

(x^,q) (x,f) and t^ + » } . 

(x,f) is called the positive limit set, D'''(x,.f) the positive 
prolongation, and ■•J'*‘(x,.f ) the positive prolongational limit set of (x,xj. 
'idle negative limit set A(x,f), the negative prolongation D (x,f), and 
the ne.gative prolongational limit set J (x,f ) are defined similarly. 

How consider the projection mapping 

P : W X p* ->■ W . 
co 
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Definition 6.2. 3, 

Define 

= p(Q(x,f)), D^(x,f) = P(D^(x,f)), and 
J^t(x,f) = P(j+(s,f)), 

is callod the positive limit set, D+(x,f) the positive 
prolongation, and J.i,(x,f) the positive prolongational limit set 
of the solution ((;(x,f,t). 

Eemark 6.2,1'. 

It is clear that for any (x,f) e W x D^(x,f) = 

Y^(3i,f ) U where 

Y S' 

Y^(x,f) = P(Y^(x,f)). 

It is proved in [443' that if the motion f, in P* is 

too 

positively compact, then fi, fx,f) can be characterized as follows- 

4 

Lemma 6.2.2 [4‘l^Lcrma 2 ]. 

Lot f E C(\V X R, R^) be a regular fuiiction and assume that 
the motion is positively compact. Hien a point x lies in 

the positive limit set if only if there is a sequence 

A ^ 

{t } in R with x +00 and (j)(x,f,T ) -> z . 
n n ^ ^ 11 

Similar characterizations for D^(x,f) and Jj|^(x,f) are 

given in the following two lemmas. 

Lemma 6.2.2. 

Let f e C(W X R, R^) be a regular function and assume that 
the motion f, is positively compact, Then a point x lies in 

u 
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if ciM only if x for some sequences 


X -V X, T > 0. 
n ^ n — 


Proof. Let x e I)^(x,f). the definition of Dt(x,f), there 


is an 


Ts A, 

^ ^co that (xjf)'e D”^(x^f),. Further, there are 


sequencoe such that 


^ 0, arid ^ Xjf )-> 


This iniplios tint there are sequences {y^.^} j ^ such 

that 


'hi’^ Sn >0 and 6(y^,g^,T^) x ♦ 


■"n 


n — 


n 


How WG can assume that the sequence {S^ is of the form {f^ }, where 


n 


t -> 0. Let (j> (y -f ,-t)=x* As y ->x and t 0, we 
n "‘^n^ t^^ n n n ’ 

have X 3C and ^{x ,f,T + t ) -^ x . Hence, if x e Ltfx.f) then 
n n^ ^ n n ^ <j'a ^ ^ 


tiiuTO arc sequences x ->■ x and t = t + t > 0 such that 

n n n n — 


(x_^,f,T^) * X. 


Conversely, suppose that <) (x^,f , -> x for some sequences 


X 


n 


.nd T >0. Consider the sequence {f } . Since f. is 


n 


n 


positively compact, there exists a convergent subsequence {f } 


■¥r 

of } • Let f ■> f e P * Thus, we have 

1^4 T__ CO 


nv 


n % ^ ^ 

-> X, > 0, (})Cx„ ,f,T^ ) -> X and -> £. 




n. 


This implies that tt(x , f ; t ) ^ ( x,f ) for some sequences 

^ ^ X * + 

X ^ X and t >0. Therefore (x,f) e D (x,f), v/hich implies 

\ ^ X" 

that X E D^(x,f). This completes the proof. 

V 
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Lerrma 5. 2. 3. 

Let f £ c(w X E, be a regular function, and assume that 

the motion is positively compact. Then a point x lies in 

J^(x,f ) if and only if <f'(x^,f,T^) x for some sequences x^^ x 

and T ^ 
n 

The proof is similar to the proof of Lemma 5.2.2 and hence 
omitted. 

Now wc know that (x , f ) c L'^(x , f ) and 24^ (x , f ) C J '^(x , f ) . 
Those inclusions may be proper and can be shown by the following 
simple example. 

Example 5,2,2. 

Consider the differential system 


-X, 


"1 (t+2) log (t+2) ^ ^2 (t-f'2) log (t+2) 


? (t ^ 0)y 


in R"'# The general solution is 


x(t) = (X^(t). XjCt)) = ( ® 2)), 

v/hore A and B are arbitrary constants. The .trajectories 

are shown in Rig. 5.2.1. Ibr any point P= (x.j, O) , 

dJ(p) = Y^(P) U {^jx^) : = 0}, J^(P) = : 

= 0} , and n^(P) = {(0,0)} . Clearly, D+(p) C£[yJ(P)3, 

and ^ 
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K.g, 5.2,1. 


5.3 COMPACT SOLUTIONS 

Wow we shall obtain some theorems which relate the behavior 
of compactness property of solutions of (4.2.1) with the corresponding 
behavior of solutions of (4.2.2). 

Theorem 5,3.1, 

Let f e (7 (w X R, R^) be a regular function and assume that 
the motion f , is positively compact. let x e W and N be a 
nei^borhood of x such that 


Cil [U U(y,f^,t) : y e N, t >0}] 
teR 

is a compact subset of W. Ihen the sets D'^(x,f) and J'*'(x,f) 

are nonempty, compact and connected. If (x*,f*) s J^(xjf), then 

the solution b(x*,f*,t) of (4.2.2) is compact. Purthermore, 

D'^(x,f) and Jt(x,i) are nonempty, compact and connected. 

4 9 

Proof. N be a neighborhood of x such that 

CZ ( U {4(y,fT.»'‘^^ ; y e N, t > O)] 
teR 
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be a compact subset of W. Consider the set I x p, where 

~ ^ Obviously IJ x p is a neighborhood of (x,f). 

Further, v^re have 


Cjl[iT(N xFjR"^)] C C2.[^ {<t>Cy,f ,t) : y e N, t > 0}] X F* 

teR ^ _ J CO ' 

whore x p; p+) denotes the set {ir (x,f;t) ; (x,f) e h x p, t ^0} 

Since the motion f is positively compact, P* is compact and hence 

^ 'CO 

Cil[Tr(K X pj K'-)] is compact. Now the application of Iheorem 2.4.1 
yields clmt the sets D"*"(x,f) and J'^(x,f) are nonempiy, compact 
and connected. The rest of the proof follows from the fact that the 
projection mapping P:W x P f is continioous. 

CO 


Esmark 5,3^1, 

G.R. Sell [44, Olaeorom 1] assumed that the solution ^(x,f,t) 
of (4.2.1) is positively compact to prove a similar result for 
m-iijait set ^^^^(xjf). Example 5.2.1 shows that the assumption of 
positive compactness of the solution ^(x,f,t) is not sufficient to 
conclude Theorem 5.3.1. 5br, it is obvious (Pig. 5.2.1 ) that foi" 
any P = (x^,o) e E , where x^ 7^ 0, CH [y^(^’)] is compact but 
J'^(P) = {(x^yXg): = 0, x^ s R} is not compact. 

TheoTem 5,3,2. 

Let f E C(W X E, R^) be a regular function and assume that 
the motion f^ is positively compact. Let D (x,f) be a compact 
subset of W X T* . Then for every point (x*,f*) e J'^(x,f ), the 

CO 

solution <j)(x*,f*,t) of (4.2.2) is compact. Moreover, there 
exist sequences i^ ^ ^ with ■+■ x, 
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such that <i^U^,f,T^+ t) converges to (|)(x*,f*,t) uniformly on 
eoapact sets in R. 

LTOof. The first part follows from [Theorem 5.3.1- Ibr the second 
part, since Hx-^^,f*,t) is compact, it follows that 1/ ^ = E. 

Therefore, the solution ^(x*,f*,t) and the motion ir (x*,f^}t) are 
defined for all t in R. Row let and be sequences 

in if Q.nd fi rBspoctivolyy with, « nnd 

(x^‘,f*). Since ir is continuous, TT(x^,f;Tj^+ t) 
converges to it (x*,f'^!';t) uniformly on compact sets in R.. (see Lemma 
2 . 5 . 5 ). Further, since the projection mapping P is continuous, 
the solutions 

b(Xn,f,V‘‘^) = P(iT(x^,f;Tp+ t)) 

converge to t,!i(x*,f*,t) uniformly on compact sets in R. This 
completes the proof. 

The conclusion of Theorem 5.3.2 can be formulated in terms 
of the positive prolongational limit set J^(x,f). The basic 
fact here is that if x* e jt (x,f), then there is an f* in R''' 

V CO 

such that (x*,f*) e j"^(x,f ). 

Corollary 5.3.1, 

Let f £ C(w X E, E^) be a regular function and assume that 
the motion f^ is positively compact. Let D'*'(x,f) be a compact 
subset of ¥ X R* , Then for every point x* e jt(x,f), there is 

CO V 

a function f* in Q*if) such that the solution 6(x*,f*,t) of 
(4.2.2) is compact. Moreover, there exist sequences x^-^- x , 
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Tjj +» such that 

HiCx jf,T + t) ■> ■t.(x*,f*-,t) 

iJ. 

uniformly on compact sets in R, 

!Ih.is corollary asserts that the positive prolongational 
limit set J^(x^f) is quasi-invariant in the sense defined by 
R.K. miler [35} . 

If f is asymptotically autonomous, that is, if n*(f) is a 
singleton, then one can say more. 

CoYoVtca^ 5,3,2^ 

Let f e C(w x R,E^) be a regular function that is asymptotically 
autonomous. Let fi*(f) = {f }. Then every positive prolongational 
limit sot J'*'(x,f) can be expressed in the form 

J+(x,f) = Jj(x,f ) X {f*} . 

Therefore, J^(x,f) is the union of solutions of 
x’ = f*(x). 

If D'^(x,f) is compact, then for every x* in J^(x,f) the 

solution (;;(x*,f*,t) is compact, and there exist sequences 

X ^ X, T ->-+«' such that 
n ’ n 

<.(x^,f,T^+t) cf)(x*,f*,t) 

uniformly on compact sets in R. • 

Theorem 5.3.3. 

Let f e c(W x R, R^) be a regular fiinction and assume that 
the motion f, is positively compact. Let f2^(xjf) be a nonempty 
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compact subset of W. Then the solution ^’(xjfst) of (4.2.1) is 
positively compact. 

Proof, Consider the set fi(x,f). Since nCxjf) is a closed subset 
of the compact set o (x.f) x P* , it is compact. This implies that 

cp CO 

the closure of Y'^(x,f) is compact (leraina 2.4.1). Farther, since 
the projection mapping P is continuous, it follows that rhe solution 
^(x,f,t) of (4.2.1) is positively compact. 

Theorem 5,5,4, 

Lot f £ c(W X R, R^) be a regular function and assume that 

the notion f^ is positively compact. fflien fi^(x,f) is nonempty 

and compact whenever J+(x,f) is nonempty and compact. 

<P 

Proof. Let j|’(x,f) be a nonempty and compact subset of Then 

tho sot J'''(x,f), being a closed subset of the compact set J+(x,f)xF^^j 

is nonempty and compact, Now the application of Lemma 2.4.2 yields 
that I}’*(x,f) is compact. Since C!!.[y (x,f)]cD (x,f),C£[Y (x,f)] 
io compact, and therefore by Lemma 2.4.1, Q(x,f) is nonempty and 
compact. The rest of the proof follows from the fact that the 
projection mapping P is continuous. 

5.4 ST.bBILITY THSOEElvIS 

In this section wc shall give some results’ which characterize 
the stability properties of solutions of (4.2.1 ) in terms of its 
prolongation and prolongational limit sets. 
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for n This shows that (f.(x,f , y. Therefore by 

Lonr-ia 5.2.1, y e fi^(x,f). Hence 

D^(x,f) = a[Y'J(x,f)]. 

This completes the proof. 

UieoTen 5.4.1. 

Let f e f (Vif X Rj R^) te a regular furiction with f(0,t) = 0 

for all t ^ 0 and iissume that the motion f , is positively compact, 

u 

Then the mill solution of (4*2. 1) is stable if and only if 
D+(0,f)={0} . 

The necessity part of the proof follows from Lemma 5.4.1 and 
sufficiency part is direct and hence omitted. 

Covollcay 5.4.1. 

Let f e r(W X R, R^) be a regular function with f(0,t) = 0 
for all t ^0 and assume that, the motion f^ is positively compact. 

Then the null solution of (4.2.1 ) is stable if the local dynamical 

svstoiii 7 T on lY X f is stable* 

CO 

Proof m The stability of tt implies that for each (x,f ) £: I'l ^co^ 
D'^Cxyf) = Cil[Y'^(x,f)] 

(see Theorac 2.4.2). Therefore D^(0,f) = C^y^CO^O] and by 
taking the projection P of both the sets on W, we have 

D+(0,f) = {0} . 

Thus the application of Theorem 5.4.1 yields the desired result. 
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Theorem 6,4.2. 

Let f £ C{'u X E, E^) be a regular function with f(o,t) = 0 
for all t ^ 0 and assume that the motion f , is positively 
compact. 'Ihen the null solution of (4.2.1) is asymptotically stable 
if and only if ~ tO}} is a neighborhood of the origin. 

Proof. Let the null solution of (4.2.1 ) be asymptotically stable. 
Hunce it is stable. (Therefore by Theorem 5*4.1, we have 

Dt(0,f) = { 0 }. 

'r' 

Forth or, we have for a given 6^ > 0 and for each p > 0 there exists 
a T = T(ri ) > 0 such that whenever jx^l < Sq, 

for all t ^T. This implies that J^(x^,f) ={0} , because 
by toiving sequences and easily prove 

that 4 (x^.^,f, T^) 0. Hence 

is the neighborhood of the origin such that jJ(x^,f) = {0} . 

Conversely^ suppose that 

{ x^ : 

is a neighborhood of the origin. This shows that J^(0,f) = {Q} . 

Further^ we have 

Dj(0,f) = Tj(0,f)UJj(0>f)=<°J- 

Honoc-, by 5.4.1, It follows that the null solution of (4.2.1) 
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is stj-ole, Pbr tho rest of the proof j let 6^ be a positive real 
number such that 

hol‘ '>^0 ■ * to”- 

Tlieii since for each satisfying jx^l < 6^ , J^(x^,f) is a 

nonempty compact set, we have by Iheorem 5.3.4 th^t the set 
r;^.(x^,f) is nonempty. Iherefore f2^(x^,f) ={ 0 } whenever 
jx^l < (^0 ' implies that for a given n 0 there exists a 

I = i'( n) > 0 such that v/henever jx^} < 5^, 

U.(x^,f,t) 1 < n 


for all t > 1. 


This completes the proof. 



CHAPTER 6 


lOCiil D'DJ.iillCAl STSTS'IS AKD EXTEHSIOH OE LYAHJKOT'S HETHOD 


6 .1 ET'IROEUCTIOE 

It has long been realized that the theory of topological 
dynamics has direct and important applications to autonomous 
diiTerential equations, but this theory is not well developed as 
a powerful technique in applications to nonautonomous differential 
equations. Hov/ever, quite recently G.R. Sell [43 ] has shovm 
that there is a way of viewing the solutions of nonautonomous 
differential equations as a dynamical system. This view point 
is very genera.1 and includes all differential equations satisfying 
only the weakest hypotheses. In particular, he has shown that 
tlic nolutions of everj’' admissible differential equation x' = f(x,t), 
dofinud on W x H, can be viewed as a local dynamical system tt 
doi'ined on the phase space W x where W is an open set in R 
and E* is the hiull’ of f. 

CO 

Our aim in tlris chapter is to extend the phase space of the 
local dynamical system v by defining the prolongational set D*, 
and investigate sufficient conditions for stability of solutions 
of the given differential equation and the corresponding set of 
limiting equations. Ohis would generalize most of the results 
of G.R. sell in [43] and [44] , as the phase space in this 
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Section 6.2 deals with preliminaries and basic lemmas. Section 6.3 
is devoted for the extension of local dynamical system tt on 

^ ^ • In Section 6.4, we obtain sufficient 

condiuions to establish a number of results on stability of solutions 
of the given differential equation and the corresponding set of 
limiting equations in terms of lyapunov functions. A simple example 
is constructed to illustrate the results. 

6.2 DhFIlIi’IONS AI® BASIC imm 

'throughout this chi?.pter we follow the same notations as in 
Chapter 4. 

Lot C*(t; X R, r*^) be the class of all admissible functions f defined 
on \i X R vdth values in R^, It is known [43, Theorem 1] that 
the rxi-pping 

•FT* : C X R ^ C, 

defined by TT'^(f,t) = f^, is a dynamical system on C , when C has 
the • compact open topology. Therefore, it is evident that 

TT* : C* X R C* , 

the restriction of tt* on C* c C xs also a dynamical system on C , 
when C* has the subspace topology. Let P be a metric which 
genex'ates the compact open topology on C . 

Definition 6.2.2, 

Define positive prolongation D'''(f) and positive prolongational 


limit set J+(f) of f e C* as follows : 
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(f) {g e C : there is a sequence { f } in and a 

n 

sequence {t^} in E+ such that f and 

•IT*(f ,t ) ->g } , 

n’ n ° ’ 

J If) = {g e C : there is a sequence {f^} in and a 

sequence {t } in R"^ such that f f, t ^ 

and TT*(f ,t ) -> g} . 
n’ n"^ 

Sirailarly, we define negative prolongation D~(f) and negative 
prolongational Ixmt set J (f) of f by considering the sequence 
in S". Let D* = D^(f)UD“(f). 

Definition 6.2.2, 

We say that the function f e C* is D*-regular if and only 

•K- 

if every g e is adnissible. 

Remark 6.2.2. 

It is clear tburt, for any f e C*, the o) -limit set 

fi*(f)c. J’''(f) and D’*'(f) = PUJ'’'(f), where P = {f^: t e R'*’}. Further, 
if f is D^-regular, then f is regular. 

V/e need the following lemmas in our subsequent discussion. 

Lemma 6.2.1. 

Given h e J'''(f ) and e > 0 , th(a?e exist a function g e G* 
and a real nunber t = t ( e) > 0 such that 

p(ffg) ^ p(h,g_^) < e. 

Proof. Let h e ) and e > 0 be given. Prom the definition 
of J'^(f), there exist sequences s G , {t^} e E'*’? such that 
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Therefore, it follows that P (f,f^) < e for all n ^N^(e), and 
P(h, ir-=^{f^,t^)) <. for all n > ^^(e). let N = inax (U^,N 2 ). 
Choose f^= g and t^^= t . Then obviously g e C*, p(f,g) < e, 
and P (h,g_^) < s. This conpletes the proof. 

Lemma 6.8,2. 

If fee*, then 

(i) J'‘'(f)is a closed and invariant subset of C , and 

(ii) I) (f ) is., a closed and positively invariant subset of C . 

Proof, (i) let { g^} be a sequence in J‘^(f) with -s- g. We 

prove that g e J'*'(f). By definition, for each integer hj there 

aro sequences {f^}e C* and { t^} e such that 
n n 

V/e nay assume by taking subsequences if necessary that 


tl >k, p(4,f) 15 , and P(«(l* , 

for n ^ k. Now consider the sequences ^^n ^ ‘ 

Obviously ^ 0* and f^ ■> f , t^ ->• +« . Hence 

P(g, , t^)) Ip(gjgii) + p(gnJ n ' 


Since g -> g, we have 7 r'^(f^, t^) -y g. Thus g e J'*'(f). (This 
shows that is closed in C . 

To prove that J+(f) is invariant, let g e j’^(f) and t e R be given. 
03ien, there exist sequences ^ such that 
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Now coxisidor 1;ht; sequonce {"t + t } . Clesirlv t + t -> +“ . axid 

n n ^ 

= Tr*(g, T ). 

Since -> f, v/e have ^*(g,T) e J^(f). As x e R is arbitrary, 
it is clear tha.t J'*'(f) is invariant. 

The proof of (ii) is similar and hence omitted. 

Remark 6.2.2. 

Analogous results hold for ir(f) and J“(f). 

6.3 BCTMSION OR LOCAL DYIAIflCAL SYSTEM 

Let f e C* and P = • x e R} . Ebr each point 

P = (x,g) in X = W X E, let I„ = 1/ s be the maximal interval 
^ Jw/ p (x,gj 

of definition of the solution <{)(x,g,t) of x’ = g(x,t) that 
satisfies (|i(x,g,0) = x. Let 

o = { (x,g;t) = (p;t)eXxR:tE 1^^} , 

and define it : S X by 

Tr(x,g;t) = (4>(x,g,t),g^). (6.3.1) 

It has been proved by G.R.Sell in. [43]that v defined by (6.3.1 ) is 
a local dynamical system on X = W x p. 

Theorem 6.3.1. 

Let f e C*(W x R, r'^) be a function that satisfies a local 
Lipschitz condition in x, where the Lipschitz constant is independent 
of t. Then f is D|-regular. 
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The Lipschitz condition stated above means that for every 
compa.ct subset h of vVy there is a positive constant c such that 

|f(x,t) - £C jx-yj (xeK,y e K,t e r). 

Proof, Let K be a compact set in ¥/ and lot be any translate 
cf f. Then there is a positive constant c such that 

lf^(x,t) - f^(y,t)| = |f(x,t+T) - f(y,t+T)j 
< c |y-yl, . 

for all X and y in K and all t in R. In other words, every 
translate of f satisfies the same lipschitz condition. SToviT let 
h e J (f). ihen by Leaima 6.2.1, given e > 0 there exist a function 
gee* and a real number t = x (e ) > o such that 

P(f,g) < e and p(h,g^) < e . 

Lot I be any compact set in R and let I’ = {t+x :t el} . 

Shell M = K X I and M'= K x I' are compact sets in Vi^ x e. Since 
the metric p generates the topology of uniform convergence on 
compact sots (this topology is the same as the coEipact open topology 
on ^(Vt' X R, R^) [28, pp. 186 and 230] ) , there is a nonnegative 
function e ) such that e)-^0 asS'^O, and 

sup { I f (x,t )-g(x,t ) I : (x,t) e M' } £ £ (M'; e), 

whenever f e C(W x R, R^) and p(f,g) < E.(The function 2. depends on f, 
which is fixed for our. argument ) . aus if p(f)g) < e j 
1 g(x,t3 -gCy,t) 1 £ 1 g(x,t)-£(x,t) 1 + lf(x,t3 - f(y,t)| + |£(y,t) - gCy,t){ 

< 2J!,(M»;e) + c jx-yj , 
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v^iienevor and (y^t) are in M’. !]3ais implies thal: 

lR^(x,t) - R^Cy,t)| ^ 2il(H»;e) + c jx-yj, 

whenever (xjt) and (yjt) are in M. Now since p(h,g^) £ j we 

cctn coiist;ruct a nojmsgativG function’ (Mj such thsit 

(M;e) ->■ 0 as c ->• 0 , and 

sup {ih(x,t) - s^(x,t)l : Cx,t) e M} j< Jl' (M;e) . 

Ihci’oforo, v/o have 

lhCx,t)-h(y,t)| < !h(x,t)-g^(x,t)| + lg_(x,t)-g^Cy,t)| + lg^(y,t)-h(y,t)| 

< 2i'(M;s)+2llCM';E) + c jx-y], 

whenever (x,t) and (y>t) are in M. If v/e let e-* 0 we get 
jh(x,t) - h(y,t) I ^ cjx-yl (x e K, y e K, t e I) . 

However, since I is arbitrary we get 

|hCx,t) - h(y,t)l _< c jx-y| (x e K, y e K, t e R) . 

Sij;iilarly, v/o can prove that every function h in J (f ) satisfies 
the sane lipochitz condition as f. This completes the proof. 

Theorem 6.S.2. 

Let f e 0* be a I^-regular function. Then the local dynamical 
system tt on W xT defined by (6.3.1 ), can be extended to a local 
dynamical system on W x D| . The extension is given by (6.3.1). 

Proof, . Since every h e is admissible, we can define the 
extension v by (6 .3.1). It then follows that tt satisfies all 
the properties for a local dynamical system (of. Definition 2.3.6). 
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6,4 LYjIPUKOV PUICT'IONS ifflD STIBILITT 

Let f e (7=^ . if the positive prolongatioml limit set 
c' (i ) is aon— empty, then we say that the set of limiting equations 
for (t-, 2,1 ) is the set of all differential equations of the form 

= f^(x,t), (6.4.1) 

whore f-^ e J'*’(f). 

In our subsequent discussion, we suppose that x(t) = x(x^,f^t) 

and y(t) = y(y^,f*,t) are any two solutions of (4.2.1 ) and (6.4.1 ) 

with x(t ) = X and y(t )=y , existing for all t e E"^. We shall 
u o o o 

write d(x,y) for | x-y| , Let a function Y(t,x,y) ^ 0 be defined 
and continuous on the product space e"*" x W x \¥, and suppose that it 
satisfies local Lipscliitz condition in x and y. Pollovdng Yoshizawa 
[ 50 ] , wc define the function 

:y\(t,x,y) = Tim -r [v(t+h,x+hf(x,t),y+hf*(y,t))-v(t,x,y ) ] . 
h^O^ 

With respect to these functions we state the following lemma 
whose proof can be foimd in [29] . 

Lemma 6. 4.1. 

Lot the function g(t,r) be defined and continuous on E"^ x E"*". 
Suppose further that 

DMt?x,y) ^ g(t,v(t,x,y)). 

let r(t) be the maximal solution of tlqe differential equation 
r' = g(t,r), r(t^) = 1 0* 


(6.4.2) 
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If x(t) and y(t) arc any two solutions of (4.2.1 ) and (6.4.1) 
such that v(t ,x ,y ) < r , then 

v(t,x(t), y(t)) < r(t) , t > t . 

In order to unify our results on stability, we list the 
following conditions: 

(e^ ) For each e >0 and L 0? there exists a positive 
function <5= 6(e) such that if d(x ,y )<6, then 
<i(x(t),y(t)) < efor all t ^t^. 

(c^) i'br each n > 0 and "bQ ^ 0, there exist positive nuiabers 
6^ and T = T(n) such that d(x(t),y(t)) < n for 
t ^15^+2!, v/henever d(x^,y^) ^ 

(c„) Ihe conditions (c^ ) and (c^) hold siaifLtaneously, 

Remark 6. 4. 1 . 

Cori'usponding to the definitions above, if we say that the 
scalar difforontial equation (6.4.2) has the property (c^s), we mean 
that the following condition is satisfied: 

(c.s) Given e > 0 and t > 0, there exists a positive 

function 6 = 6(e) such that the inequality 1. 0 
implies r(t) < e for all t ^ t^. 

Conditions (cg) and (c^) may be reformulated similarly. 

Remark 6.4.2. 

\'Io assume hereafter that the solutions r(t) of (6.4.2) are 
non— negative for t > t^ so as to ensure that g('fc, r(t)) is defined. 
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Such a r'ciqairta.ient is clearly satisfied if we assume that g(tjO) = 0 
for all t . 

Purthci', we assume that 

(i-i.) tao luxiction h(r) is continuous and nonincreasing in rj 
b(r) > 0 for r > 0, and b(d(x:,y)) ^v(t,x,y). 

ifow wc iiavo the following main result on stability of solutions 
of (4«2.l) and (6.4«l). 

Theorem 

let the assumptions of Loimna 6*4.1 hold, together with (a). 
Suppose fxjrther that the scalar differential equation (6.4.2) 
satisfies one of the conditions (c^s), (c^s) and (c„s), then the 
differential systems (4.2.1) and (6.4.1) satisfy the corresponding 
one of thu conditions (c^), (cp) and (c^). 

The proof is similar to the proof of Theorem 4 in [29] a,nd 
hence omittud. 

Remark 6,4.3, 

Similar to Theorem 6.4.1, some theorems are given in [29] , 
[50] and [51] for two entirely different differential systems. 

Example 8,4.1. (n = 1) . 

Consider the differential equation 

x’ = f( 2 :,t)', ( 6 . 4 . 3 ) 

5 — 2t 

where f(x,.t) = -x - x e . 



/ \ 5 

Choose = -x-x e - i and {t^} = {n} . 

■rhon, wo have 

= -x-x5e-2(^«) (t + n). 

•Hiorofore, f"'-(x,-t) = -x-x^, where f* e j'^(f). Let v(t,x,y) = 
o y . . 

x"'+ y'. ihen thu coadition (xij is clearly satisfied. ilfter a 
little co;:;putation, v;e obtain 

nV(t,x,y) <, -2 Y(t,x,y). 

If v/o sot g(t,r) = - 2r, we see that the scalar differential 

equation (6.4.2) satisfies conditions (c^s) and (c^s). From. 

Theoreni 6.4.1, we conclude therefore that the solutions of the 

differential equation (6.4.3) and the corresponding liniting 

equation satisfy the conditions (c^ ) and (c^) and hence the 

condition (c„). 

2 
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